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Abstract

The effect of couple-stress on micro-polar rotating fluid layer heated from below in the presence of
uniform vertical magnetic field in a porous medium is studied. The dispersion relation has been analyzed,
using normal mode and it is found that the medium permeability has destabilizing effect. The rotation,
couple-stress parameter and micro-polar parameters have stabilizing effect. The sufficient condition for
the non-existence of over stability has also been obtained.
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1 Introduction

There are some important classes of fluid in technology areas, one of them being micro-polar fluid. In
order to study micro-polar fluids, the general theory of micro polar fluid was introduced, micro rotational
inertia and micro rotational effects of micro-polar fluid were shown according to Eringen [3, 4]. Qin and
Kaloni [12] studied the problem of thermal instability in a rotating micro-polar fluid. Sharma and Gupta
[14] investigated the thermal convection on micro polar fluid in porous medium. Sunil et al. [18] analyzed
rotation and different parameters on a micro-polar ferromagnetic fluid flow. Kumawat et al. [6-9] analyzed
the effect of the couple-stress, magnetic field, permeability, rotation and suspended particles on micro polar
and visco-elastic fluid flow.

Stokes [17] studied the classical concept of couple-stress fluid. Kumar et al. [5] studied the rotation on
thermal instability in couple-stress viscous elastic fluid. Banyal and Singh [2] investigated the rotation on the
couple-stress fluid in a porous medium. Shivakumara et al. [16] used the Galerkin method to investigated the
convection in a couple-stress fluid flow. Pundir et al. [10] analyzed the effect of permeability, couple-stress
parameter and magnetization. Shah Zahir et al. [13] discussed the effect of couple stress on micro polar
fluid flow with hall current. Sharma et al. [15] studied the effect of porosity, magnetic field and electrically
conducting. Aparna et al. [1] investigated the couple stress fluid on rotating permeable sphere. Pei-Ying et
al. [11] analyzed the couple stress fluid flow between parallel plates with thermal convection.

The application of this work in engineering science, chemical science and industry like as liquid crystal,
colloids suspensions and clean engine lubricants. In this paper, we attempt to study of the couple-stress
on micro-polar rotating fluid flow with thermal convection. In our knowledge this problem has not yet
been investigated using the generalized Darcys model. In Section 2, we show the mathematical equations
corresponding the model, in Section 3, we give the basic conditions, in section 4, we describe the linear
perturbation equations, in Section 5 and Section 6, we find the boundary conditions and dispersion relation,
in section 7, we present the effect of different parameters, in section 8, we find the conditions of over stability,
in section 9, we numerically discuss the effect of different parameters.

2 Mathematical Formulation

An infinite, horizontal, incompressible micro-polar fluid layer of thickness d is assumed and has porosity
€ and medium permeability k1. The upper limit z = d and lower limit z = 0 are maintained at constant
but varying temperatures Ty and 77 such that a study adverse temperature gradient § = |%’ has been
continued. The rotation and gravity are applied along z-axis to the system.

10



A g(0,0,-g) H(0,0,H)

Heated from below

y-axis

The equations of continuity, momentum, internal angular momentum, temperature and basic’s state are

V.q=0, (2.1)
po [00 1 . ) oo\ g2 1 -
Lt e N A - _VP— . _ =2 R
= [3t+€(qV)Q} VP — pgé +(u pOV Vg kl(u+<)q
2 . S
+<(Vxﬁ)+ﬂ((jx9)+“—<VxH)xH, (2.2)
S 4
ovr 1
o] Hﬁ + = (69) 17] = (& + BV (V.7) + 7' V27 + é (V % §) — 267, (2.3)
aT B ) B
[€ poCy + (1— €) psCs] n + poCy (V)T = x VT + 6 (V x 9) VT, (2.4)
p=po[l —a(T—T,)]. (2.5)
The Maxwell’s equations are
oH o= -
eﬁfo@xH)JrenVH, (2.6)
V.H =0, (2.7)

where, p - Fluid density, po - Reference density, ¢ - Filter velocity, ¥ - Spin (micro rotation), p - Shear
kinematic viscosity coefficient, ¢ - Coupling viscosity coefficient, P - Pressure, u’ - Couple stress viscosity,
é, - Unit vector in z-direction, o’ - Bulk spin viscosity coefficient, 3’ - Shear spin viscosity coefficient, 7' -
Micro-polar viscosity coefficient, J - Micro inertia constant, t - time, C, - Specific heat at constant volume,
C - Specific heat of solid (Porous Material Matrix), ps - Density of solid matrix, x - Thermal conductivity,
T - Temperature, § - Micro-polar heat conduction coefficient, a - Coefficient of thermal expansion, H =
(0,0,H.), H. - Constant and n - Magnetic viscosity .

3 Basic State of Problem
The basic state is
7= G,(0,0,0), 7=, (0,0,0), p = py () and P = Py ().

From equations (2.1) to (2.7)

dPy

_ e ~1

2. TP 0, (3.1)
T =T, (z) = Bz + Ty, (3.2)

py = po (14 afz).

11



4 Linearize Perturbation Equations

v.qd =0, (4.1)

@E _ /NN _ li 2 2 1 —/ Qﬂ ~ & r 7
cor = VP pgez+<u pOV Vi — ™ (H+9) T+ (VxT)+ o (@ x)+ - (Vxh) x Hy,
o (4.2)
pod 5 = (o + 8)V (V0) + 790 + é (V x q) — 27, (4.3)

0

E— 4+ (GV) Ty, = krV?60 — v 7 4.4

o + (¢ V) Ty = krV pOCU(VXU)ZﬁJrﬂ(q )2 (4.4)
oh N .

€5 =Vx ((jx h) x Hy+ € nV2h (4.5)
V.h =0, (4.6)
p' = —poad. (4.7)

Converting equations (4.1) to (4.6) by the following transforms:

x=dx*x, y=dy*, 2 =dzx,§ = ’%ch’*, P = “;—ZTP*, v = ’fﬁv* t= = %, 0 = Bd 0x, we have

V.7=0, (4.8)
107 ) ol 1 . 2 N
—— =-VP+Rbe.+ (1-FV?)V*7— —(1+K)q+K(Vxv)+—(qu)+Q(V xh) X &, (4.9)
€ ot K €
-00 1
Ja:201V(V.U)—COV(V><U)+K{€(anj’)—217}, (4.10)
00 9, = .
EP, %0 = V20 = 5(V x 0, + (@).. (4.11)
oh 07 €Pr_,-
p A h, 4.12
R T SR T (4.12)
V.h =0. (4.13)
where, R = pozafd - Thermal Rayleigh number, P, = pn k - Prandtl number, F = pg#, E =¢
+(17)i)665 S = Ki= g, 0= PoCudz Co =g, C1= atﬁdzﬂ yand W =q
5 Boundary conditions
W—dz—W—O 0=0atz=0andz=d (5.1)
Cod22 - - '

6 Dispersion Relation
Taking curl on both sides of equation (4.8), we have

10 (1+K - n, o,

o2 ) .
+KVX(va)+EVx(qu)+Q&(Vxh). (6.1)

Let V2 = Bx2+8y2+622’v2 88%24—82,D:%,CZ:(VX@Z,QZ':(VXﬁ)Z.
Taking curl and z-component of equations (6.1), (4.10) and (4.12), we have

[18 + (1 i K) — (1-FV?) VQ} VW = RV20+ KV2Q. ¢, — éQ (DC,) +QD (v%’iz) . (6.2)

ot K,
90, 1
g% CoV3Q, — K [V2W + 29;} , (6.3)
ot €
om., e P,
Pr =D z z- 4
€ e ¢+ 2N m (6.4)
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Taking z-component of equations (6.1), (4.11) and (4.12), we have

10 1+ K 2 w2 2
—— — | - (1-F ., = —QDW Dm,, 6.5
[Gat (Kl) (1= PV V)G =2 +@Dm (6.5)
o7} 9 =
Oh, eP_,-
e P, 5 =DW + ?HV h,. (6.7)

Normal Mode Analysis
Let [VVa Czy 0, Qzl7 h, mz] = [W (Z) , X (Z) , © (Z) , G (Z) , B (Z) , M (Z)] €Xp . [Z ko +Zkyy + Jt] :

Applying normal mode of equations (6.2) to (6.7), we have

2 () Er ) - ()| (0 - )

=—Ra’©+ K (D* —a*) G — éQDX - QD (D*-a*) B, (68)

1+ K 2
[‘7+< ks )+F(D2—a2)2— (D2—a2)} X = ZQDW + QDM, (6.9)
(S K, S
2 2 Ao o
[mo +2A — (D —a)]G:—E(D —a®) W, (6.10)
[EP,o — (D*—a?)] © = —6G + W, (6.11)
P,
[e P.o — EP (D* - a2)} M = DX, (6.12)
P,

{e P,o— EP (D* — aQ)} B = DW, (6.13)
where, a? = k2 + k‘z - wave number, 0 = g, + i 0, - stability parameter and m = '%‘, A= C%, A - ratio
between the micro-polar viscous effect and micro-polar diffusion effects.

Now the boundary condition becomes
W=DW=0=X=DX=G,0=0atz=0toz =1, (6.14)

DWW =0atz=0toz =1, wheren >0 .
Thus, the proper solution satisfying (6.14) can be taken as
W =W, sinnz.
Eliminating ©, G, ®, X from (6.8) to (6.13) and putting the value of W and b = 7? + a?, we have
o 1+ K 9 o 1+ K 9 P,
b|— Fb*+b — Fbv*+b7< P, b
2 () e [{E s (50 oo im0}

2
ﬂLQ—Tr [mo + 2A + b| [EP.0 + b] Pro’—l-&b —ra2 |12+ 1+ K
S P, S Ky

P, 2 JA P
+Fb” +b} {Pra—i-rb} +QW] [(ma+2A+b) - M} |:PTO'+ - b]
P € € P

K Ab? 1+ K P. 2
+ b 24 i +F? +bp{Poo+ ——bp+ o [EP,0 + 0]
c S K P, c

P, Qr*b [(o 1+ K 9 P, Qn?
|:P7~CT+Pmb:| — c |:{€+( K, >+Fb +b}{PTU+Pmb}+E

40272
c2

p 12
[mo +2A+ b [EP.o +b] — P.o+ Tb} [mo +2A+ b [EP.o + b]. (6.15)

P,
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7 Stationary Convection
Putting p = 0 in equation (6.15), we have

3
R= LI [b2(2A+b)<1+K+Fb2+b>—KAb
a2 [2A+b—%} 1
QP (o gy, S F ALY
P,

1+K 2 P, Qm?
To investigate the behavior of medium permeability, rotation, couple-stress parameter, magnetic field,
coupling parameter, micro-polar coefficient and micro-polar heat conduction parameter, we find the nature

of 4 dR dR dR dR dR o9 % respectively, then

dK.’ dQ° dF’ dQ dK’ dA

2
9 492;91) P,
dR _ D QA+D(+K) | c (p) 7 (7.1)

dKl a2K12 |:2A+b_%i| {(1]4;1( +Fb2+b> %b+Qgg}2

AL <0ifQ> QQWf]iT and$ < %.

From equation (7.1), we can say that the permeability has destabilizing effect when Q > %ﬁ% andd < %.
dR  8Qm*b? P, (2A+ )

an_ L ___ (7.2)
d2 2 P, K P, 2 5Ab
€ a2{(1;—1+Fb2+b)P—mb+Q€ }[2A+b—?]
4B < 0if §< §.
From equation (7.2) shows that the rotation has stabilizing effect when & < <.
Q2 2
dR bt (2A +b) (P )
dF ~ 5AD 1= 212 (7.3)
[2A—|—b 50| {(%+Fb2+b) =
B> 0ifQ > mfp’ andd < 5.
It is clear that the couple-stress parameter has stabilizing effect when @ > mﬂf b P gnd s < <.
2
40%72 ( P,
dR T P (2A + b) . e (ﬁ) (7.4)
- = — 2 9 N
1@ a2 2A+b—%} {(1;f+Fb2+b)1%b+Qg2}
>0 ifQ > mﬂfp andd < .
It is clear that the magnetic field has stabilizing effect when @ > %[% and$ < %
2
Q*n? (P,
dR_ 1 A2(2 b) v R (L) 24+ 0) 5
K a2 [24 45— 2] K K {(5E + Fo2 4 0) Frot Qi}2 ’
1 ™ €
—R>0z‘f%>7,Q>7v(2A+b)Pm ands < §.
Hence the coupling parameter has stabilizing effect when % > < b Q > 22V eAth) ”(2A+b) P; andd < %.
1 Kbv* [ 6 5o
Z—i: - 2{ (K—1)+<K +Fb2+b>
a2[24 45— 22" L € A
25[)3 Pm 40272645 P,
L Q00" Py €  Pm (7.6)

2 P'I” P, T2 ’
< {(—1;;K +F62+b> Fb 4 L }
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4B > 0if6 > K.

From equation (7.6), we can say that the micro-polar coefficient has stabilizing effect when § >
K (S 4+ Fe2 +b).

Ab
= 1 A 24K
%: < 2{Kb?)(K —>+ ;; +b? (2A +b)
a2[2A+b75éb} 1 € 1
2 402722 P, A b
1 ) Qr*b P, o 5= (2A+ D)
(K1 + Fb +b> < D (2A+b) + (7.7)

K P 72 ’
{(5£ + P02 +p) o+ 22}

dR - 1 A

From equation (7.7), shows that the micro-polar heat transfer parameter has stabilizing effect when K— > é

8 Oscillatory Convection
Putting o = i0; in equation (6.15) then we get real and imaginary part, eliminating R between them, we
have

fool + f108 + faol + fz0? + f1=0.

2

Put s = o, we have

fos* + f1s® + fos® + fzs + f2 =0, (8.1)

where,

fo=aiq1 — p1b1,

f1 = axq1 + ar1q2 — paby — p1ba,

fo = azq1 + a2q2 — p3b1 — pa2ba — p1bs,
f3 = asq1 + azqa — p3ba — paba,

Ja = asqz — p3bs,

EP.*mb mP,%a?
ag=——5—,b = ;

e? €
Pb(1+K 5 Qn? P20 §Ab
=—a P. F == — - ==
b [m {Pm< K b+b)+ € P, e P2

1+K ., P b SAD\ P,
(% +Fb+b)+m}{ avs-12) 4 Zol]

P, 5Ab 1+ K Qn?
_ 2 049 T 2 T
by = ame (2A+b ){bpm ( K + Fb +b>+ }7

1 er

2 9Pb (14K
L or }+{ ( + +Fb2+b>
€ € Ky

EP.? Pb EP, 5 P,
+mb<PT+ B )} = {(2A+b)b<P+ i >+ me}

KAWEP,® 4021m2EP*m  Qm2bEP*m
o 2 + 2 + 2 )
€ S S

1+ K %2 P (14K
ag_EPTQm{Prb<;g +Fb2+b)+ <+ F62+b)

}{EP (2A+0)

P Or2b) [1+ K
= —4 T p2 -
3 {Pm = }( K,

+ FV? + b) {EP,”* (2A + 1)
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2
(o)) ()
€ P,
1+ K 2 Sl B
( o +b> }{2A+b (Pr+ = )+mbpm
5 2
_earnpl { < +b) v P, } LR
€ P, €
Pb (1+K LS G h
{pm< +b>+ } {P( K +b> Epm}
EbP, b2 492 2 P’ L
. Emb? 2 EP.(2A+b
+( +P> €P } [ P P, B EATY
) 2
2 _Qﬂb P 1+ K QW
+mb+(2A+b)bPT] c [E P{p ( K +0b S
L R A R
1

K Av?

P, [PV Qn?b\ (1+K
= (2A+b) 05" (= w
as = ( +b)me<Pm 6)(K1+b+b)
PV (Pb(1+K Qn* 40272 TEAN
[Pm {Pm( x, TfP +b)+ € H+ - 2A+h)b <Pm>
Q’]T2b Pb 1+ K 2 Qﬁz
2A+b)b R
+-o(24+9) P\ ) e

1

2P, ([1+ K 2 P
Py = [EP m{e(K e +b> er}

EP,?
2(24 ;
( +b)+mb}< " P )

Prio, QU (1+K e
Py — _EP2md i —e— + Fb? "
p) Tm{Pmb * € }< Ky o +b) { b( -
20° P, (1+K ’
+ PV +b) +— RS QW {EPZ (24 +0)
€ P\ Ki ©
EP2\ P’ KAV Tpop 2 R
+mb (PT+ P )+ P, (ZAM)} € {EPT {PT( "
b P\ P EbP?\] 4027 b’
2 — - B
o +b) er}+ c <bP+ P ﬂ < [ "
2
] wa[Empr{Pr<1;;K+Fb2+b)

1

T _r EP, (2A
Elm} c { ( +b) mb}’

)

+ P2 {EP,. (2A +b) + mb}

- Q7T2b 1 +K 2
52 Fb b 2A+0
Py = { » c K - ( )
1+ K 2 2° P !
p v + + —

P,
} (24 +b) b?
1

+b)
K Ab? EP’b\ (Pb (1+ K T
S (o SN B (2 *Fb2+b> Qﬂ} A (+
m m 1
7

492 2 22
e;[ Z{EP (2A +b) +mb} +2(2A +b) P,

AL
€ P
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Qb [(Pb (14K ) Qr? 1+ K ) b P,
+ » \m + V4D )+ = {EP. (2A +b) + mb} + (2A+b)b{ P, 7 +F+b )+ -5
1+ K P. b P, S Ab P,
_ 2 2 -r - or o T
g1 = —a {mPr{Pr< il + Fb +b>+Pm€}+ c {Pr <2A+b c )—l—PmmbH,
Pb (1+K Qmn? SAb P
=a? - Fbv? WP (2440 — )4+ =
& aHpm<K1 " b+b)+ G}{T< o €>+Pmmb}
Pb 1+ K ) b P, 5 Ab
B (S e 0) LB (s )

From equation (8.1), we observed that s = o2 which is always positive, therefore the sum of roots equation
of (8.1) is positive but this is impossible if fy > 0 and f; > 0, the sum of roots of equation (8.1) is — 71/,

Thus, fo > 0 and f; > 0 are the sufficient condition for the non-existence of over stability.
2

Now fo >0 and f; > 0 when § < %,Q>2§§Zand[{:m§ _

9 Numerical Calculation
Now, we show the numerically effect of different parameters employing equation (6.15)

Plot of the Rand K 1

4500 I—

—— =10

400

3500 |

3000 |

2500

2000 r

1500

1000 . . \ . . . .

K 107

Figure 9.1 ~
E=1,P.=2,€=05 A=01,F=2Q=10,K =0.2, Q2 =10and = 0.05.

Fig 9.1 shows the variation of Rayleigh number R with respect to medium permeability K i.e. medium
permeability increases then the Rayleigh number decreases.
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Plot of the R and Q2
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= — =

- M

0 5 10 15 20 25 30 35 40 45 50
Q

Figure 9.2 ~
E=1P.=2,€=05,A=0.1, F=2, K=0.2, K; =0.002andd = 0.05.

Fig 9.2 represent the plot of Rayleigh number R versus rotation €2 i.e. rotation increases then the Rayleigh
number increases.

Plot of the Rand F

4450 1
4400
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— Q=30
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o 4200 —r - — = s 3 |
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39500 —& o < =
1 1.5 2 25 3 3.5 4 4.5 5
F
Figure 9.3

E=1,P =2 =05 A=0.1,Q=10, K =02, K; = 0.002andd = 0.05.

Fig 9.3 plot between Rayleigh number R and couple-stress parameter F i.e. couple-stress parameter
increases then the Rayleigh number increases.

18



Plot of the R and Q
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500 = — i = —8—1a

Figure 9.4 -
E=1,P.=2,€=05 K=02 Q=10, F =2, K; =0.002andé = 0.05.

Fig 9.4 plot between Rayleigh number R and magnetic field @ i.e.magnetic field increases then the
Rayleigh number R increases.

x10% Plot of the R and K

—©—K,=0.001
—B—K,=0.003
K,=0.005

18

Figure 9.5 B
E=1,P. =2 €=05 A=0.1,Q2=10, F =2, K; =0.002and = 0.05.

Fig 9.5 shows the variation of Rayleigh number R with respect to coupling parameter K i.e. coupling
parameter increases then the Rayleigh number increases.
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Plot of the R and A
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Figure 9.6 B
E=1P.=2,€=05 K=02 Q=10, F =2, K; =0.002and§ = 0.05.

Fig 9.6 represent the plot of Rayleigh number R versus micro-polar coefficient A i.e. micro-polar coefficient
increases then the Rayleigh number increases.

Plot of the R and §
6500

Figure 9.7 ~
E=1P.=2,e=05 K=02,Q=10, F =2, K1 =0.002andd = 0.05.

Fig 9.7 represent the plot of Rayleigh number R versus micro-polar heat conduction ¢ i.e. micro-polar
heat conduction increases then the Rayleigh number increases.
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10 Conclusions

According to the stationary convection and numerically discussion we found that the effect of permeability
is destabilizing. The effect of couple-stress parameter, rotation, magnetic field, coupling parameter, micro-
polar coefficient and micro-polar heat conduction are stabilizing. Among them the most important result
that the effect of rotation and magnetic field stabilizes on the system.

The sufficient condition for the non-existence of over stability is given by § < % , Q> % and K = mTEQ.
Acknowledgement. The authors are thankful to Dr. R. C. Singh Chandel, for his valuable suggestions
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